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We revisit a discussion on the impact-parameter dependence of proton-proton elastic scattering
amplitude with improved uncertainty calculation. This analysis allows to reveal the asymptotic
properties of hadron interactions. New data indicates that the impact-parameter elastic scattering
amplitude is slightly above the black disk limit at 13 TeV c.m.s. energy of the LHC reaching a
value of ImH(s, 0) = 0.512 ± 0.001 (sys+stat) ± 0.004 (norm) confirming that black disk limit is
violated at current collision energy, however it was not exceeded at 7 TeV. The growth trend of the
impact-parameter amplitude imaginary part, extrapolated from previous and new data, indicates
that it is unlikely that the amplitude is close to saturation. New analysis is consistent with smooth
energy evolution of the elastic scattering amplitude and supersedes the earlier conclusion on the
black disk limit excess observed at 7 TeV.
PACS numbers: 13.85.-t, 13.85.Dz, 13.85.Hd, 13.85.Lg, 29.85.Fj
I. INTRODUCTION
Due to a rapid growth of experimentally available
proton-proton collision energy we are provided with a
unique opportunity to test the general asymptotic prop-
erties of hadronic collisions. In particular, asymptotic
at s → ∞ ratio of elastic to total cross-section σel/σtot
can range from 1/2, the so called black disk limit, corre-
sponding to maximal elastic unitarity contribution from
inelastic channel, to 1, corresponding to maximal partial
amplitudes allowed by unitarity. This ratio is directly
related to the value of elastic amplitude at zero impact
parameter.
In 1980 U. Amaldi and K. R. Schubert [1] suggested
an approach to reconstruct hadronic elastic amplitude
dependence on impact parameter from differential cross-
section data. It was first applied to available data at√
s = 546 GeV by T. Fearnley in 1985 [2]. Only in 2014
the modified method was applied to the latest elastic
pp scattering data at
√
s = 7 TeV [3]. The analysis
yielded an intriguing result, showing, for the first time,
that black disk limit is violated. Such feature of the elas-
tic pp amplitude also casts doubt on eikonal approxima-
tions related to this limit. While at 7 TeV the effect was
small, it was expected to increase with collision energy.
This observation inspired a number of publications, an-
alyzing phenomenological and theoretical consequences
of elastic amplitude behavior, such as the recent talk by
V.A. Petrov and A.P. Samokhin [4] and a few other ex-
amples [5–7]. However, the original analysis was flawed,
it was later found that at 7 TeV ImH(0) is still below 0.5
(see paragraph II c). Finally, in 2018 TOTEM collabo-
ration has presented pp differential cross-section data at
13 TeV [8] that allows us to revise previous observation.
In this paper we present the results of elastic amplitude
impact parameter dependence reconstruction from new
TOTEM data using an updated analysis, showing that
at the current energy black disk limit violation can be
seen.
II. ANALYSIS
The general approach follows that of the previous pub-
lication [3]. Here we provide a short summary and a
description of updated uncertainty calculation method.
The starting point is the impact-parameter representa-
tion of hadronic amplitude H(s, b) defined by the trans-
formation of the elastic scattering amplitude A(s, t)
H(s, b) =
1
8pis
∫ ∞
0
dq qJ0
(
qb
kfm
)
A(s, t), (1)
A(s, t) = 8pis
∫ ∞
0
db bJ0
(
qb
kfm
)
H(b, s), (2)
where kfm = 0.1973269718 GeV fm, J0(x) is a Bessel
function of the first kind and q2 ≡ −t. Normalization
of A(s, t) is chosen to be
σtot =
kmb
s
ImA(s, 0),
dσ
dt
=
kmb
16pis2
|A(s, t)|2 (3)
where kmb = 0.389379338 mb GeV
2 and σtot is the value
of total pp cross-section in millibarns.
The elastic amplitude dependence on momentum
transfer t was first parameterized, for the experimentally
available region 8× 10−4 GeV2 ≤ |t| ≤ 3.83 GeV2, using
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2the functional form introduced in previous analysis [3].
It is referred to as a standard parameterization
A(t) = s
{
iα
[
A1e
αb1t/2 + (1−A1)eαb2t/2
]
−iA2eb3t/2 −A2ρ(1− t/τ)−4
}
, (4)
where
α = (1− iρ) (σtot/kmb +A2) (5)
and experimental value is used for ρ parameter, ρ ≡
ReA(s, 0)/ ImA(s, 0). Additionally, the exponential pa-
rameterization was used in a general form
A(t) = s× (ReA+ i ImA) , (6)
where real and imaginary parts are
ReA = A4e
b4ξ +A5e
b5ξ, ξ ≡ 3mpi −
√
9m2pi − t (7)
ImA = A1e
b1t +A2e
b2t +A3e
b3t +Ap (1− t/τ)−4 . (8)
Two variants are considered, referred to as exponential
(3+1) and exponential (3+2) parameterizations, that
correspond to cases where either A5 or Ap is fixed at
zero. Relations between unknown constants Ai were
determined by requiring parameterizations to automat-
ically satisfy equations ImA(s, 0) = sσtot/kmb and
ReA(s, 0)/ ImA(s, 0) = ρ for arbitrary parameter values
A3 = σtot/kmb −A1 −A2 −Ap,
A4 = ρσtot/kmb −A5. (9)
Parameters were fitted to dσ/dt data using relation (3)
with σtot and ρ considered free parameters, limited ac-
cording to their experimental values and uncertainties.
a. Data set and low-|t| region description. Two
TOTEM data sets were combined to have the widest pos-
sible t range covered. The low-|t| data set [9] is fully com-
patible with the most recent results for larger momentum
transfer [8]. To improve the quality of the parameteriza-
tion at low values of |t|, a Coulomb term in the simplest
form [10] was added to all three parameterization vari-
ants
AC(t) =
s
t
8piαEM
(1 + t/t0)
4
× exp
{
−i
[
αEM
(
γ + ln
B |t|
2
)]}
, (10)
where αEM ≈ 0.007297 is the fine-structure constant,
t0 = 0.71 GeV
2, γ = 0.577 and B = 20.4 GeV−2 is the
first cone slope of differential cross-section determined
by exponential fit (the value coincides with the one ob-
tained by TOTEM [9]). We emphasize that this form of
Coulomb term was chosen for its simplicity, rather than
physical essence, in order to achieve better data descrip-
tion at low |t| and, consequently, improve the overall fit
quality. An actual analysis of the Coulomb-nuclear in-
terference region is performed by TOTEM Collaboration
[9]. The normalization-related systematic uncertainty
was excluded from both data sets for fitting and was
propagated to the final result separately.
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FIG. 1: TOTEM data [8, 9] description (color online)
by the parameterizations (4) and two variants of (6)
(upper panel) and corresponding normalized residuals
(11) (lower panel).
b. Fit quality. Fit quality is assessed by distribution
of normalized residuals defined as
r(ti) =
dσ/dt|ti − kmb/
(
16pis2
) |Aparam(s, ti)|2
δdσ/dt
∣∣
ti
, (11)
where Aparam is the particular parameterization and
δdσ/dt
∣∣
ti
is the experimental uncertainty of differential
cross-section data excluding the normalization uncer-
tainty. Fits are presented visually together with the
residuals distribution in Fig. 1. In summary, exponential
(3+1) provides the best description for differential cross-
section data at 13 TeV, closely followed by exponential
(3+2). While standard parameterization is less success-
ful, it is still used to compare with previous results and to
provide a different ReA(t) behavior to assess the model
dependence of the H(b) extraction method. Best-fit pa-
rameter values and corresponding χ2 values are given in
the Table I.
c. Imaginary part of the impact-parameter ampli-
tude1. Imaginary part of the elastic amplitude is di-
rectly calculated, following (1), as
ImH(d)(b) =
1
8pis
∫ qmax
0
dq qJ0
(
qb
kfm
)
ImAN (q), (12)
where AN (s, t) is the nuclear hadronic amplitude (with-
out Coulomb contribution) taken from a parameteriza-
tion and qmax ≡
√|tmax| with |tmax| ≈ 5 GeV2. It can
1 T. Fearnley [2] used the profile function Γ(s, b) = −2iH(s, b)
3be explicitly shown that the result is not sensitive to in-
crease in |tmax| if it is large enough and does not depend
on the particular A(t) function, provided it reasonably
extrapolates to large |t|. We emphasize here, that we
have discarded the calculation method, originally used
by Amaldi et al. [1] and Fearnley [2] and that we had
previously applied to 7 TeV data [3]. The naive error
propagation based on that method was found to be unre-
liable and improvement of it would be unnecessary com-
plex. Moreover, our own application of the method was
flawed, which lead to a fallacious conclusion of black disk
limit excess for 7 TeV data [3].
d. Real part of the impact-parameter amplitude.
Real part of the elastic amplitude in impact-parameter
representation is calculated directly using the transfor-
mation (1)
ReH(b) =
1
8pis
∫ qmax
0
dq qJ0
(
qb
kfm
)
ReA(q). (13)
Finally, we can determine inelastic overlap function2
Ginel(s, b) using unitarity condition in impact-parameter
representation at the high-energy limit
ImH(s, b) = |H(s, b)|2 +Ginel(s, b). (14)
e. Uncertainty calculation. As the quantities under
consideration depend on the data non-trivially, uncer-
tainties from the experimental points were propagated
numerically by varying those within their respective lim-
its (assuming the quoted uncertainty to be 1σ interval)
producing a corresponding set of results for ImH(b) and
ReH(b). A sample of three hundred varied data sets was
produced. For each data set, values ImH(b) and ReH(b)
were calculated using the procedure described above,
starting with the fit of differential cross-section data. At
each value of impact parameter b, the final values of am-
plitude imaginary and real parts, ImH(b) and ReH(b),
were calculated as the sample average with the corre-
sponding uncertainty given by standard deviation. This
propagation procedure was extensively tested for stabil-
ity and robustness. Central values of imaginary and real
parts of the amplitude are independent of sample size,
given it is large enough, and are completely independent
of starting parameter values for differential cross-section
data fits. An increase in input uncertainty produces a
proportional increase in the uncertainties of final quanti-
ties. We have specifically confirmed, that distributions of
sampled Im and ReH values at each b are roughly nor-
mal and do not contain significant outliers. Exponential
(3+2) parametrization has slightly lesser stability and
the distributions of Im and ReH samples are wider than
those for standard and exponential (3+1) parametriza-
tion, and and deviate from normal, which is reflected in
2 The inelastic overlap function alone is not enough to draw con-
clusions about asymptotic regime as shown in previous analyses
[1, 2, 5]
larger uncertainty of the final values obtained with this
parameterization (see Fig. ??). Uncertainty of inelastic
overlap Ginel(b) was calculated from uncertainties of Im
and ReH(b) using the standard propagation procedure.
Additionally, the normalization uncertainty of the dif-
ferential cross-section data is taken into account. Start-
ing with the expression (3), assuming the relative nor-
malization uncertainty of dσ/dt, εdσ/dt ≈ 0.03 [8], we
can write
(1± εdσ/dt)dσ
dt
=
kmb
16pis2
|(1± εA)A(s, t)|2
≈ kmb
16pis2
(1± 2εA) |A(s, t)|2 , (15)
where εA is the corresponding relative uncertainty on
scattering amplitude. Thus, we can derive that εA =
1/2 εdσ/dt. There is still an ambiguity on assigning this
relative uncertainty individually to real and imaginary
parts of the amplitude. To avoid unnecessary complica-
tions, we assume that εA affects both real and imaginary
parts of the amplitude similarly, thus εImA = εReA =
εA = 1/2 εdσ/dt. Additionally, due to constraints (9),
amplitude uncertainty already partially includes the nor-
malization uncertainty coming from a direct dependence
on σtot and ρ, however accounting for that would be
an overcomplication. The relative normalization uncer-
tainty propagates with no modification into Im and ReH,
εImH = εReH = 1/2 εdσ/dt.
Finally, it is propagated to Ginel by standard methods,
accounting for the fact that it is fully correlated between
Im and ReH
εGinel =
∣∣∣∣1− ImH(b)2Ginel(b)
∣∣∣∣ εdσ/dt. (16)
Note that normalization uncertainty on Ginel is anticor-
related o that of Im and ReH for b . 0.5 fm.
III. RESULTS
We have considered three parameterizations, (4) and
two variants of (6), for pp elastic scattering amplitude at√
s = 13 TeV, in order to assess the relative importance
of elastic amplitude real part ReA(s, t) for H(s, b) recon-
struction and the overall sensitivity of the process to the
particular functional form of the real part.
Reconstructed functions H(s, b) and Ginel(s, b) are pre-
sented in Fig. 2a. Figure 2b shows a scaled-up version
of Ginel(s, b) plot near the maximum.
The behavior of imaginary part of the amplitude as
a function of t is practically identical in three param-
eterizations used, since it is mostly determined by the
differential cross-section data. Only considerable differ-
ences can be observed near the dip region. Real part,
however, is less constrained, which allows us to assess its
effect on the final quantities. Figure 2a shows that in
4TABLE I: Best-fit parameters for parameterizations (4) and two variants of (6) using data at 13 TeV [8, 9].
Parameterization
Parameter Unit standard exponential (3+1) exponential (3+2)
A1 none / GeV
−2 0.335 ± 0.005 −17.0 ± 0.3 197.3 ± 2.0
A2 GeV
−2 17.91 ± 0.09 117.0 ± 2.5 −19.1 ± 0.2
A5 GeV
−2 N/A N/A −12.7 ± 0.4
Ap GeV
−2 N/A −13.4 ± 3.1 N/A
b1 GeV
−2 0.0956 ± 0.0006 2.63 ± 0.02 7.80 ± 0.03
b2 GeV
−2 0.0517 ± 0.0001 14.04 ± 0.09 2.61 ± 0.01
b3 GeV
−2 5.041 ± 0.008 7.67 ± 0.03 14.2 ± 0.1
b4 GeV
−2 N/A 7.112 ± 0.003 17.9 ± 5.0
b5 GeV
−2 N/A N/A 5.00 ± 0.05
τ GeV2 0.942 ± 0.009 0.56 ± 0.04 N/A
σtot mb 112.05 ± 0.05
ρ none 0.099 ± 0.001
χ2/NDF 1.277 1.097 1.109
impact-parameter representation real part of the ampli-
tude is different between the parameterizations, but the
effect on the imaginary part behavior is negligible.
The main conclusion from comparison of the different
amplitude parameterizations is the following. From Fig-
ures 2a and 2b we can see that black disk limit is exceeded
in pp collisions at 13 TeV. Imaginary part of the ampli-
tude at b = 0 exceeds 1/2 at 13 TeV, but not at 7 TeV
(it was claimed to be already observed at 7 TeV [3], but
the analysis was flawed). Values, reached with the three
parameterizations considered, are ImH(s, b) = 0.512 ±
0.001(sys+stat) ± 0.004(norm) (exponential (3+2)),
0.5076 ± 0.0002(sys+stat) ± 0.0038(norm) (exponential
(3+1)) and 0.5099 ± 0.0001(sys+stat) ± 0.0038(norm)
(standard). Figure ?? shows the ImH(s, b) behavior in
b ≈ 0 region in a larger scale.
We would like to note that the first results on H(s, b)
at
√
s = 13 TeV were presented at the 4th Elba Work-
shop on Forward Physics @ LHC Energy in the talks of
E. Martynov and A.D. Martin [11], albeit without error
analysis.
Recently some similar estimates were published [12],
also without an error analysis. It is claimed that effect is
too small and the value ”is consistent with the statement
that the amplitude does not exceed black disk limit“.
However, taking into account the error analysis we have
performed here, we cannot support the statement that
impact-parameter amplitude conforms to the black disk
limit. Additional information can be gained from inves-
tigating the growth trend of ImH(0) value with energy.
The data at lower energies (the same data set that was
used previously [3]) was re-analyzed to extract values of
ImH(s, 0) and the average is taken between three pa-
rameterizations. The results are plotted as a function of
s in Fig. ??. Data points are fitted with a simple func-
tion to extrapolate the behavior at higher energies. The
function was chosen to have an asymptotic limit lower
than 1 at s→∞ and to conform to the generic features
of data, such as apparent flatness at few tens of GeV and
a rapid growth at TeV energies. The minimal growth is
given by rational function is used in a form
F (s) =
1 + (s/s0)
c1 + (1 + c2) (s/s0)
, (17)
where ci and s0 are free parameters, c2 ≥ 0. The growth
trend between 7 and 13 TeV implies that possible asymp-
totic values of the impact-parameter amplitude exceed
1/2, even if we assume that current analysis overesti-
mates the value of ImH(0) at 13 TeV. Function of lnp s
was also considered, however it requires p ≈ 6 to fit the
growth at TeV energies. The most pessimistic extrapola-
tion with asymptotic value fixed at 1/2 was found to be
not compatible with the data. More points at intermedi-
ate energies (from few hundred GeV to 2–3 TeV) would
be most useful to better fix the trend.
IV. CONCLUSION
The black disk limit excess leads to unitarity satura-
tion characterized by reflective scattering mode domi-
nance [13]. Its main feature is a negativity of the elastic
scattering matrix element S(s, b) (where b is an impact
parameter of the colliding hadrons; note that angular
momentum l ∼ b√s/2) leading to the asymptotic dom-
inance of the reflective elastic scattering and peripheral
form of the inelastic overlap as a function of the impact
parameter. The corresponding elastic scattering decou-
pling from the multiparticle production occurs initially
at small values of the impact parameter b expanding to
larger values with increase of energy. Such behavior cor-
responds to increasing self-dampening of inelastic contri-
butions to unitarity equation [14].
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FIG. 2: Graphic representation of analysis results (color
online): (a) real and imaginary parts of elastic
amplitude H(s, b) and inelastic overlap Ginel(s, b) as
functions of impact parameter b; (b) scaled up region of
Ginel(s, b) maximum.
The b-dependence of the scattering amplitude as well
as the inelastic overlap function should be considered as a
collision geometry. It should be emphasized that the col-
lision geometry describes the hadron interaction region
but not the matter distribution inside of the individual
colliding hadrons.
For qualitative discussion it is convenient to assume
smallness of the real part of the elastic scattering am-
plitude in the impact parameter representation H(s, b)
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FIG. 3: ?? Scaled-up version ImH(s, b) near b = 0 (for
each of the curves markers are placed at slightly
different values of b for clarity); ?? extrapolation of
ImH(s, 0) to higher energies.
and substitute H → iH. This assumption is related
to unitarity saturation, meaning that, at s → ∞ with
b, ImH(s, b) → 1 and ReH(s, b) → 0. However, al-
ternatives exist where ImH(s, b) → H0 > 1/2 but
ReH(s, b) 9 0 at s → ∞. It is claimed [4] that ac-
counting the real part of the elastic scattering amplitude
H should lead to the central dependence of Ginel on b.
However, present analysis demonstrates that peripheral
behavior of Ginel is still observed even when the real part
of the impact-parameter amplitude is non-negligible. It
is also important to note that peripheral mode is achieved
without Ginel reaching unitarity limit of 1/4. This is es-
pecially visible with the parameterizations introduced in
present analysis.
The present analysis supersedes results of the previous
one performed for lower energy of 7 TeV. We demonstrate
that the elastic scattering amplitude slightly exceeds the
black disk limit at
√
s = 13, and that inelastic overlap
function is peripheral. Results are also consistent with
6smooth energy dependence of the elastic scattering am-
plitude at LHC energies and one can conclude that ob-
served growth of ImH(s, 0) with energy indirectly sup-
ports the conclusion that black disk limit is violated.
We would like to note that the important consequence
of black disk limit excess, if it is fully confirmed, is that
the pp and pp scattering models, based on eikonal ap-
proach, must be substantially modified to be fundamen-
tally compatible with experimental data (one of the re-
cent studies demonstrate that eikonal fails to describe
differential cross-section data [15]).
ACKNOWLEDGMENTS
We are grateful to N.E. Tyurin, V.A. Petrov, J. Kas-
par and K. O¨sterberg for the fruitful and interesting
discussions on various aspects. The present work was
partially supported by the Program of Fundamental Re-
search of the Department of Physics and Astronomy of
the National Academy of Sciences of Ukraine (project
No. 0117U000240).
[1] U. Amaldi and K. R. Schubert, Nucl. Phys. B166, 301
(1980).
[2] T. Fearnley, CERN-EP-85-137 (1985).
[3] A. Alkin, E. Martynov, O. Kovalenko, and S. M. Troshin,
Phys. Rev. D89, 091501 (2014), arXiv:1403.8036 [hep-
ph].
[4] V. A. Petrov and A. P. Samokhin, in 31th Interna-
tional Workshop on High Energy Physics: Critical points
in the modern particle physics (IHEP2017) Protvino,
Russia, July 5-7, 2017 , Vol. 47 (2018) p. 1860097,
arXiv:1801.03809 [hep-ph].
[5] I. M. Dremin and V. A. Nechitailo, Nucl. Phys. A916,
241 (2013), arXiv:1306.5384 [hep-ph].
[6] D. A. Fagundes, M. J. Menon, and P. V. R. G. Silva,
Nucl. Phys. A946, 194 (2016), arXiv:1509.04108 [hep-
ph].
[7] E. Ruiz Arriola and W. Broniowski, Phys. Rev. D95,
074030 (2017), arXiv:1609.05597 [nucl-th].
[8] F. Ravera (TOTEM), in 134th LHCC meeting - open ses-
sion (30 May 2018); F. Nemes (TOTEM), in 4th Elba
workshop on Forward Physics @ LHC energy (24-26 May
2018) to be published in special issue of Instruments.
[9] G. Antchev et al. (TOTEM), Submitted to: Phys. Rev.
(2017), CERN-EP-2017-335.
[10] G. B. West and D. R. Yennie, Phys. Rev. 172, 1413
(1968).
[11] E. Martynov, in 4th Elba workshop on Forward Physics @
LHC energy (24-26 May 2018); A. D. Martin, in 4th Elba
workshop on Forward Physics @ LHC energy (24-26 May
2018) ; to be published in Proceeding of the Workshop.
[12] V. A. Khoze, A. D. Martin, and M. G. Ryskin, Phys.
Lett. B784, 192 (2018), arXiv:1806.05970 [hep-ph].
[13] S. M. Troshin and N. E. Tyurin, Int. J. Mod. Phys. A22,
4437 (2007), arXiv:hep-ph/0701241 [hep-ph].
[14] M. Baker and R. Blankenbecler, Phys. Rev. 128, 415
(1962).
[15] L. Durand and P. Ha, (2018), arXiv:1810.11325 [hep-ph].
